
X-ray diffraction line profile analysis 

INTRODUCTION 

X-ray diffraction line profile analysis is an effective method for determining the microstructure. 

The diffraction peaks of infinitely large and perfect crystals (free of defects) can be described 

by the Dirac-delta function [1,2]. However, the finite crystallite size and the deformation space 

of the lattice defects result in the broadening of the diffraction lines. The aim of the line profile 

analysis is to determine the characteristic parameters of the microstructure from the breadth and 

the shape of diffraction peaks, such as crystallite size and its distribution, type and density of 

the lattice defects. X-ray line profile analysis (XLPA) is an indirect technique to investigate the 

microstructure, as we do not directly see the microstructure. Consequently, in evaluating the 

lines profile we must make qualitative assumptions about the grain and lattice structure of the 

sample. Such commonly used assumptions are, for example, that the shape of the crystallites is 

spherical and that the lattice deformation is caused by dislocations. The parameters of the 

microstructure in XLPA are usually determined by fitting theoretical functions on the measured 

peak profiles. These functions are calculated on the basis of a model of the microstructure. For 

the construction and control of realistic models, simultaneous TEM investigations are 

suggested. The most important advantages of XLPA is its non-destructivity and the very good 

statistics of the parameters characterizing the defect structure since X-ray diffraction usually 

examines larger sample volume than TEM [3,4]. It should be noted that XLPA can provide the 

dislocation density only if its value is larger than ~1013 m-2, since under this limit the peak 

broadening caused by dislocations is masked by the instrumental breadth. At the same time, 

conventional TEM can determine a reliable average dislocation density if its value is smaller 

than ~1014 m-2 because above this limit the contrasts of individual dislocations strongly overlap. 

The instrumental effect in XLPA also yields upper and lower detection limits of the crystallite 

size. In the following, the theoretical background and the most important methods of line profile 

analysis are briefly described. 

1. THEORETICAL SUMMARY 

1.1. THE EFFECT OF CRYSTALLITE SIZE ON X-RAY LINE BROADENING 

According to the kinematical theory of X-ray scattering, the intensity profile can be described 

as a convolution of intensity profiles from crystallite size and lattice deformation. It follows 



that the Fourier coefficients of the intensity profile A, can be expressed as the Fourier 

coefficients of the "size" (S) and "deformation" (D) profiles, AS and AD[3,4]: 

𝐴(𝐿) = 𝐴𝑆(𝐿)𝐴𝐷(𝐿)                                                                    (1) 

where L is the Fourier variable with length dimension. By definition, L = na3, where n is an 

integer and 𝑎3 =
𝜆

2(𝑠𝑖𝑛𝜃2−𝑠𝑖𝑛𝜃1)
, λ is the wavelength of X-rays, and Θ1 and  Θ2 are the endpoints 

of the angular range of the measured diffraction profile.  

According to the theorem of Bertaut [5,6], the size profile of diffraction peak with indices hkl 

is the same as the sum of the intensities diffracted incoherently by the columns building up the 

reflecting crystallites and having infinitesimal cross sectional area as well as aligned normal to 

the reflecting (hkl) lattice planes (i.e. parallel to the hkl diffraction vector g). The division of 

the reflecting crystallites into scattering columns according to the Bertaut theorem is illustrated 

in Fig. 1. As a consequence, the Fourier transform of the size profile can be calculated as the 

sum of the Fourier transforms of the intensities scattered by the individual columns. Using the 

column length distribution density function p(t), the Fourier transform of the hkl size profile is 

given as [6]: 

𝐴𝑆(𝐿) =
1

〈𝑡〉
∫ (𝑡 − 𝐿)𝑝(𝑡)𝑑𝑡, (2)

∞

𝐿

 

where p(t)dt represents the relative fraction of columns for which the length parallel to the hkl 

diffraction vector lies between t and t+dt while <t> is an average column length obtained as 

the ratio of the total volume of the reflecting crystallites and their cross-section normal to the 

hkl diffraction vector. In practice, for a given shape and size distribution of crystallites the 

function p(t) is expressed by the crystallite size distribution density function, f(x), as [6]: 

𝑝(𝑡) = 𝑁 ∫ ℎ(𝑡, 𝑥)𝑓(𝑥)𝑑𝑥

∞

0

,                                  (3) 

where N is a normalization factor and h(t,x)dt is the relative fraction of columns having lengths 

between t and t+dt in the crystallite with diameter x [7]. For spherical crystallites with log-

normal size distribution 



 

Fig.1. The division of reflecting crystallites into scattering columns according to the Bertaut-

theorem. 

ℎ(𝑡, 𝑥) =
2𝑡

𝑥2
,                                                         (4) 

for t≤x and h(t,x) = 0 for t>x, and 

𝑓(𝑥) =
1

√2𝜋𝜎𝑥
𝑒𝑥𝑝 {−

 [𝑙𝑛 (𝑥 𝑚⁄ ]2

2𝜎2 },                          (5) 

where m and σ are the median and the variance of the log-normal crystallite size distribution, 

respectively. Substituting eqs. (4) and (5) into eq. (3) and then eq. (3) into eq. (2), the size 

Fourier transform is written as [8,9]: 

𝐴𝑆(𝐿) =
1

2
𝑒𝑟𝑓𝑐 [

𝑙𝑛 (|𝐿| 𝑚⁄ )

√2𝜎
− 1.5√2𝜎] − 

−
3

4𝑚𝑒𝑥𝑝(8.125𝜎2)
|𝐿|𝑒𝑟𝑓𝑐 [

𝑙𝑛(|𝐿| 𝑚⁄ )

√2𝜎
− √2𝜎] + 

+
3

4𝑚3𝑒𝑥𝑝(10.125𝜎2)
|𝐿|3𝑒𝑟𝑓𝑐 [

𝑙𝑛(|𝐿| 𝑚⁄ )

√2𝜎
],                                   (6) 



where erfc is the complementary error function given as: 

𝑒𝑟𝑓𝑐(𝑥) =
2

√𝜋
∫ 𝑒𝑥𝑝(−𝑡2) 𝑑𝑡.                                   (7).

∞

𝑥

 

Thus, both the size Fourier transform, AS(L) and the size peak profile that can be obtained as 

the inverse Fourier transform of AS(L) depend only on the two parameters (m and σ) of the size 

distribution of spherical crystallites. It is emphasized that the peak broadening of the size profile 

with hkl indices is determined by the size of the reflecting crystallites measured parallel to the 

hkl diffraction vector i.e. normal to the (hkl) lattice planes. The smaller the crystallite size, the 

broader the diffraction peak. 

1.2. THE STRAIN EFFECT ON X-RAY LINE BROADENING 

The Fourier coefficients of the "deformation" (AD) profiles can be given by the following 

approximation formula [10]: 

𝐴𝐷(𝑔, 𝐿) = exp(−2𝜋2𝐿2𝑔2〈𝜀𝑔,𝐿
2 〉),                              (8) 

where g is the length of the hkl diffraction vector, 〈𝜀𝑔,𝐿
2 〉 is the mean-square strain normal to 

(hkl) lattice planes that depends on both g and L. For understanding the meaning of the 〈𝜀𝑔,𝐿
2 〉,  

let us imagine a distortion-free crystal lattice where the section between points A and B is lying 

normal to the (hkl) lattice planes and has a length of L (see Fig.2). Due to the lattice distortions 

caused by defects (e.g. dislocations) in the real crystal, the positions of points A and B are 

shifted to A’ and B’. The projection of the section A’B’ normal to (hkl) lattice planes is L’. The 

ratio (L’-L)/L gives the local strain normal to (hkl) planes. Averaging the square of this quantity 

for the reflecting volume yields the value of 〈𝜀𝑔,𝐿
2 〉. It is emphasized that the strain broadening 

of hkl peak profile is determined by the lattice distortions normal to (hkl) lattice planes in the 

reflecting crystallites. The larger the lattice distortion, the broader the diffraction peak. 



 

Fig. 2: Characterization of lattice distortions parallel to the diffraction vector g (or normal to 

the (hkl) lattice planes). 

The lattice distortions are mainly caused by the strain fields of lattice defects. The strain 

field of a point defect decreases with r-3, where r is the distance from the defect, therefore it 

decays very quickly with increasing r. At the same time, the strain field of an individual 

dislocation is of long-range character as it decays with r-1. Due to the reciprocity between crystal 

and reciprocal spaces, the scattering related to point defects (referred to as Huang scattering) is 

extended far from the fundamental Bragg reflections and therefore not involved in the 

evaluation of line profiles. Due to the long-range character of strain field of dislocations, these 

defects yield considerable broadening of line profiles. For dislocations, the mean-square strain 

can be given as: 

〈𝜀𝑔,𝐿
2 〉 =

𝑏2

4𝜋
𝜌𝐶𝑓∗ (

𝐿

𝑅𝑒
),                                            (9) 

where ρ and b are the dislocation density and the magnitude of Burgers vector, respectively, C 

is the contrast factor of dislocations and Re is the effective outer cut-off radius of dislocations 

with length dimension. The function 𝑓 ∗ (
𝐿

𝑅𝑒
) L is given in Ref. [11]. The parameter Re reflects 

that the strain field of a dislocation structure depends not only on the dislocation density but 

also on the arrangement of dislocations. If the strain fields of the individual dislocations are 

screening each other, the total distortion in the lattice is lower that yields a smaller value of Re. 

Strong screening of strain fields of dislocations occurs e.g. when the dislocations are arranged 



into dipoles or low-angle grain boundaries as depicted in Fig. 3. Instead of Re , the screening of 

strain fields of dislocations is rather described by the dimensionless dislocation arrangement 

parameter M that can be calculated as: 

𝑀 = 𝑅𝑒𝜌1 2⁄ .                                                    (10) 

The stronger the screening of the strain fields of dislocation, the smaller the value of M and 

longer the tails in the diffraction profiles. 

 

Fig. 3: Schematic illustration of some arrangements of dislocations yielding to weak or strong 

screening of the strain fields and the corresponding small or large value of the dislocation 

arrangement parameter M. 

Due to the anisotropic strain field of a dislocation, the mean-square strain is different in the 

various crystallographic directions for given values of ρ and Re that yields a strong dependence 

of peak broadening on hkl indices of reflections. This effect is referred to as strain anisotropy 

[12,13] and taken into account by the contrast factor C in eq. (9). For an individual dislocation, 

the value of C depends on the orientation of the Burgers and line vectors of dislocation, and the 

diffraction vector. In a texture-free polycrystal or if the different slip systems are equally 

populated by dislocations, the C factors can be averaged over the permutations of the hkl indices 

[14] and the average contrast factor, Chkl , should be inserted into eq. (9). For materials with 

cubic crystal structure, the average contrast factor is given as [14]:  

𝐶ℎ̅𝑘𝑙 = 𝐶h00(1-qH2),     (11) 

where Ch00 is the average contrast factor for reflection h00 and 

𝐇𝟐 =
𝐡𝟐𝐤𝟐 + 𝐡𝟐𝐥𝟐 + 𝐤𝟐𝐥𝟐

(𝐡𝟐 + 𝐤𝟐 + 𝐥𝟐)𝟐
,                                          (𝟏𝟐) 



where hkl are the indices of reflection. The values of parameters Ch00 and q depend on the 

anisotropic elastic constants of the crystal and the type of prevailing dislocations (e.g. edge or 

screw). The contrast factors can be determined by the software Anizc that can be reached on the 

website http://metal.elte.hu/anizc. Assuming 
1

2
〈110〉{111} and 

1

2
〈111〉{110}111 {110} slip 

systems for face-centered cubic (fcc) Al and Cu, and body-centered cubic (bcc) Fe, respectively, 

the values of Ch00 and q for edge and screw dislocations are listed in Table 1. 

Table 1: The values of lattice parameter (a), Burgers vector (b), contrast factor (Ch00) and q for 

edge and screw dislocations in Al, Cu and Fe. 

 a (nm) b (nm) Ch00 (edge/screw) q (edge/screw) 

Al 0.405 0.286 0.2011 / 0.1839 0.36 / 1.33 

Cu 0.361 0.255 0.3076 / 0.3029 1.67 / 2.33 

Fe 0.286 0.248 0.2548 / 0.3013 1.28 / 2.67 

 

2. EVAULATION METHOD OF LINE PROFILE ANALYSIS 

2.1. LINE BROADENING ANALYSIS USING WILLIAMSON-HALL METHOD 

Using equation (6) and (8), it can be shown that in the case of spherical crystallites, the shape 

of the "size" line profile does not depend on the length of the vector g and on the hkl indices, 

while the width of the "deformation" line profile increases with increasing g. This difference is 

used by the classical Williamson-Hall plot, where the full width at half maximum (FWHM) is 

plotted as a function of the length of vector, g [15].  

𝐹𝑊𝐻𝑀 = 𝑐𝑜𝑠𝜃(∆2𝜃)/𝜆      (13) 

where Θ the angle of the diffraction, Δ2Θ the half-width of the peak in radians (since the 

intensity is usually depicted as a function of the theta 2Θ on the diffractogram) and λ the 

wavelength of X-rays. Figure 4a shows a similar representation for a deformed copper sample. 

If line broadening is only caused by spherical crystallites then all diffraction peaks would the 

same breadth, so the FWHM data points would be placed horizontally in the straight line. If 

there is lattice deformation, but 〈𝜀𝑔,𝐿
2 〉 value does not depend on g or L, then the values of 



FWHM monotonous increase. Thus, the difference in the dependence of "size" and 

"deformation" broadening allows the Williamson-Hall representation to indicate that line 

broadening is only caused by crystallite size or there is lattice deformation in the material. For 

dislocations, due to deformation anisotropy, 〈𝜀𝑔,𝐿
2 〉 its value depends not only on the length but 

also on the direction of the g, which results in a typical non-monotonous function of the FWHM 

in the classic Williamson Hall (Figure 4a). It can be seen from equations (8) and (9) that the 

line widening caused by dislocations depends on the hkl indices only on the expression 𝑔2𝐶̅. 

Taking this into account, the FWHM values are plotted as a function of 𝑔2𝐶̅ in the modified 

Williamson-Hall plot, see Fig.4b. If the measured data fit into a smooth curve, it can be stated 

that the lattice deformation is primarily caused by dislocations. 

 

Figure 4: The classical (a) and the modified (b) Williamson-Hall plot for a heavily deformed 

Cu sample. In Figure (b), the points corresponding to the reflections 200, 220 and 222 overlap 

each other. In the same diagram, a second degree polynomial was fitted to the measuring points. 



From equation (10), it can be seen that in the modified Williamson-Hall compared with the 

classical the displacement of the points is determined by the value of q, because 𝐶̅h00 only scales 

the horizontal axis. As shown in Table 1, the q value depends on the type of dislocation edge 

or screw. Therefore, it is worth trying out the q values for pure edge and pure screw dislocations, 

as well as some numbers between the two extreme values when plotting the diagram. 

Intermediate values corresponding to mixed dislocations. The modified Williamson-Hall plot 

is not suitable for determining the density of the dislocation because the coefficients of the 

polynomial applied to the measurement points depend not only on the density of the dislocations 

but also on their arrangement (from the 𝑅𝑒
∗ parameter). At the same time, the method can be 

used to determine whether the dislocations caused the "deformation" line broadening or not. 

2.2. DETERMINATION OF MICROSTRUCTURE PARAMETERS BY 

CONVOLUTIONAL MULTIPLE WHOLE PROFILE (CMWP) FITTING METHOD 

Line profile analysis methods that reliably provide the values of microstructural parameters are 

based on the fit of the whole profile. Such a method is Convolutional Multiple Whole Profile 

(CMWP) fitting method [16]. In this procedure, the diffraction pattern is fitted by the sum of a 

background spline and the convolution of the instrumental pattern and the theoretical line 

profiles related to the crystallite size and dislocations. In the calculation of the theoretical size 

profile, the crystallites are modeled by spheres with log-normal size distribution. Fig. 6 shows 

a diffraction pattern for a severely deformed Au sample fitted by the CMWP method. The 

details of the CMWP procedure are available. This method gives the following parameters of 

the microstructure: 

1) m, the median of the crystallite size distribution 

2) σ, the variance of the crystallite size distribution 

3) ρ, the dislocation density 

4) Re, the outer cut-off radius of dislocations. As it was mentioned, instead of Re, often the 

dimensionless parameter M is used for the characterization of arrangement of dislocations  

5) q, describes the edge/screw character of dislocations. 

 



 

Fig. 6: The evaluation of the X-ray diffraction pattern by CMWP method for Au processed by 

severe plastic deformation. The open circles and the solid line represent the measured and the 

fitted X-ray diffraction patterns, respectively. A magnified part of the pattern is presented in 

the inset. The difference between the measured and the fitted patterns is also shown at the 

bottom of the figure. 

From the two parameters, m and σ, of the log-normal size distribution function, f(x), three 

different mean crystallite sizes can be determined. The arithmetic average of the crystallite 

diameters (<x>arit) is obtained as: 

〈x〉arit = ∫ 𝑥

∞

0

∙ 𝑓(𝑥)𝑑𝑥 = m · exp(0.5σ2)                                (14) 

where x denotes the diameter of crystallites. The mean size of crystallites weighted by their 

surface areas (referred to as area-weighted mean crystallite size, <x>area) is given by the 

following formula: 

〈x〉area =
∫ 𝑥

∞

0
∙ 𝑥2𝑓(𝑥)𝑑𝑥

∫ 𝑥2𝜋
∞

0
∙ 𝑓(𝑥)𝑑𝑥

= m · exp(2.5σ2)                                (15) 

The mean size of crystallites weighted by their volumes (referred to as volume-weighted mean 

crystallite size, <x>vol) can be obtained as: 



〈x〉area =
∫ 𝑥

∞

0
∙

𝑥3𝜋
6 𝑓(𝑥)𝑑𝑥

∫
𝑥3𝜋

6
∞

0
∙ 𝑓(𝑥)𝑑𝑥

= m · exp(3.5σ2)                                (16) 

As an example, Fig. 7 shows a log-normal crystallite size distribution function for m = 14 nm 

and σ = 0.45 where the three different mean crystallite size values are also indicated. It is noted 

that in this book the crystallite size is usually characterized by <x>area. 

 

Fig. 7: Log-normal size distribution density function, f(x), and the arithmetic (<x>arit), the area- 

(<x>area), and the volume-weighted (<x>vol) mean crystallite sizes obtained from m and σ. 

2.3 X-RAY DIFFRACTION EXPERIMENTAL SETUP AND EVALUATION 

The measurement layout is shown in Fig. 8. One advantage of the devices used in my 

studies compared to conventional radiation sources is that the width of the instrumental profile 

is small, which increases the upper and lower limits of the diffraction domain size and 

dislocation density measurements, respectively. The small instrumental broadening was 

achieved by producing a narrow parallel beam. Due to the narrow cross-section of the beam, it 

is necessary to increase its brilliance which was achieved by applying a rotating anode X-ray 

source. Another advantage of the layout is its high resolution, which is due to the fact that the 



sample-detector distance can be increased up to 1 m. The high resolution is important to have 

enough points in the line profile. It is worth to note that one measurement took one or two days, 

depending on the sample-detector distance. 

 

Fig. 8: Schematic of the X-ray diffraction geometry (a) and a photo of the device used in my 

experiments (b). The red arrow shows the primary beam and the dark blue arrows show the 

diffracted beams.  

For the measurements, parallel and monochromatic beams were used. The diffracted 

intensity was detected by imaging plate (IP) detectors. Two-dimensional IPs detected the 

Debye–Scherrer diffraction rings. The line profiles were determined as the intensity distribution 

perpendicular to the rings obtained by integrating the two-dimensional intensity distribution 

along the rings (see Fig. 9).  

 

Fig. 9: Typical homogeneous intensity distribution in the Debye–Scherrer rings detected on an 

imaging plate.  

 

 



TASKS 

During the laboratory practice solve the following tasks: 

1. Create an X-ray diffraction pattern from the two-dimensional intensity distribution recorded 

by the imaging plane detector. 

2. Determine the positions and FWHM of the peaks. 

3. Exploring the causes of line broadening using the Williamson-Hall method. 

4. Create the auxiliary files needed to fit the diffractogram, which includes the background, the 

positions, and intensity of the peaks. 

5. Fit the X-ray diffractogram using the CMWP method and determine the microstructural 

parameters. 

6. Represent the crystallite size distribution and calculate the different average crystallite sizes. 
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